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SIMILARITY AND DECAY LAWS OF MOMENTUI’ILESS WAKE S

by

Samuel Ilassid

Abstract

The decay laws of mornentumless wakes as predicted by different  models

are investigated . Existing work is c r i t i ca l ly  reviewed , and the models

are compared with themselves and with experiments. Subsequentl y, the

decay of momentumless wakes is examined using the Reynolds stress model s

of Launder , Reece and Rodi , as well as a simpler turbulent energy -

dissipat ion (k-c) model . The last model is shown to be better than the

more sophisticated former ones, and exhibits generally fair agreement

with existing data

1. Introduction and Literature ~eview

The similarity laws of momentumless wakes have attracted a lot of

attent ion in the last ten years , both because of their practical interest

and because of theoretical interest , since turbulence in these wakes

is much different than turbul ence in drag wakes.

The f irst  fu l ly  documented experiment on the wake behind a self-

propelled body was the one of Naudascher (1965). The main conclusion of

thi s author is that in a self-propelled wake production decays faster

than the other term s in the turbulent  energy bal ance equation , and

therefore this  f low may be regarded as a small mean velocity perturbat ion

on a turbulent  energy wake.

The relevant turbulent energy equation , accord ing to Naudascher , is:

S.

I

~

iTT:

~ 

.t. : .::  

:. 

. • .
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= 
1• 

~~~~~~~~~~~~~ 

ak) - lOvk (1.1)

where VT 
is an eddy diffusivity coefficient and A is the microscale of

turbulence. Both are assumed constant in each cross-section.

Naudascher looked for self similar solutions of the kind:

k = ~((x)h(~) r~ = r/r
112

(x)

where r
112 

is the value of ~ at which the turbulent energy is one quarter is

maximum value.

Equation (1.1) thus becomes:

d2h ~ dh 
r112U dr

112 dh U0r~,2 dK l0vKr112
+ + 

. dx r~ a— - h - 
A V

T 

h = 0 (1.2)

Assuming further that:

V
T 

L~
K”2 (1.3)

where Lm is the macroscale of turbul ence , suitabl y normalized Naudascher

concludes that, for a self-similar solution to be obtained

r U d rl/2 o 1/2
1/2 d = Const. (1.4)

L K  X

Furthermore, by integrating Eq. 1.2 over the flow field Naudascher

shows that

= 
1~~~~~~~~2 dr 112 

(1 5)IC dx r
112 

dx

To obtain a power law solution, Naudascher assumes that Loitsiansky’s

parameter remains constant at the centerline of the flow:

XL5 
= Constant (1.6)

Since, however , this assumption is not confirmed by his expcrintental

data , Naudas eher divides the f low into three decay reg ions , in which

4

4

- •--~~~ 
• ; . , ...~~ ~~~~~~ 

~~~~~~~~~~~~~~~~~~~~ -- .~~~~~~~~~ — - .~~—-~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Loitsiansky’s parameter has different values.

Naudascher also tried a different approach, in which:

‘
~~ ~~~~ (1.7)

A ‘~L (1.8)

This approach gives no power law; it rather suggests that A tends

asymptotically to a value of A ,. It is not thought that this is a physically

sound behaviour , and experim ents do not confirm it (al though, of course,

the experiments show that the rate of growth of r112 is indeed very small).

The main flaw of both approaches of Naudascher is due to the fact that

both Eqs . (1.6) and (1.8) are relevant to the final period of decay of

turbulence, and therefore are not appropria te to hig h Reynolds number

flows.

For the decay of the velocity defect, Naudascher starts fr om the

axial momentum equation:

3UUo d +~~
U + 1~~

P 1 a (ru~ ) (1.9)

Notice that in Eq. (1.9) the axi al stress and pressure terms were not

neglected .

Naud ascher , again , looked for self-similar solutions in which:

= f(i~), ~“~min = P (n)  
2 

= ~~ax1
~~11)

uv = i~7~~~g(~ ) (1. 10)

Thu s Eq. (1 .9) becomes:

UT dli 2
o l/2 I) f(n) - UO

U
D 

th~ ,2 df r11,2 
~~~~~ huv — dx dii — dxmax uvmax max

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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U
2 dr

11~ dh X
112 ~ 

dP~~
- 

— dx ~~ 
+ 

— ~ dx p Ci-i)
UV

dr P .  -

- 
1/2 mm ~~~~~ - - 

~~~ 
-
~~
- 

. 

~~pdx — ~~~ 
~~~~~T1g

UV

Self-similar solutions may be obtáined if the following relations are

satisfied :

p .mm
U U = Const . (1.12)

o D

max 
= Const . (1.13)

o D

IJ LJ dro D  1/2 
= Const . (1.14)

UD 
dr 112/dx

-, / = Const . (1.15)
~i/2  ULJ

D
Id X

The main conclusion is that UOUD decays as u2, which is supported fa ir l y

well by his data. However , his analysis is of little value since his

predicted u 2 and r112 decays are not ri ght .

The next important analysis of the wake behind a self-propelled body

is that of Finson . Finson assumes , as Naudascher suggests , that production

is neg li gibl e compared to dissi pation. However, Finson uses a form of

the turbu len t energy equat ion more appropriate to high Reynolds number

turbu lence.

k C k 3”2

U0 } = 
~~

- 

~~~~~~~~~~~ 
- _

~~~
____ (1.16)

In addition , he uses an equation for the characteristic length scale of

turbulence A: 

~~~~~~ _ _ _ _ _
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U0 ~~ C~k (1.17)

By chosing appropriate values for CD and Ck, by integrating (1.16) and

(1.17) over y, and assuming that A is propor tional to r
112

, Finson concludes

that:

Ic ~ j
16111 J ~ ~ x~

” 11 (1.18)

Now, for the momentum equation, Finson makes the usual boundary layer

approximation :

(1..19)

(Note, ho wever , that this approxim ation does not apply to axisyminetric

flows. In this case:

p~~ r ar r

or (1 .2 0)
— r 2  2 Pp 2 iv - w

— + y  + Ip j r p

(see Townsend (1976) ) .  This error , however , does not affec t the rest of

Finson ’ s arguments) .

With this assumption , Eq. (1 . 9) takes the form :

aUd 
.—

~~~ 
—.

~~

- 1U0
.j — + - ~j (u - v ) = - —~~ --(rti~ ) (1.21)

Assuming :
. 

u
2 

- v2 = W~(n) (1.22)

Equation (1.21) obtains the following form :

_____ 

thJD 
~ 

U0U0dr
112 

~~ + 

r 1112 ~~~~~ 

— ~ 
dr 11,2 ~~

dx ii~~ dx d~ 
dx dx ~

max max max max

= - -~j~~~(gn) (1.23)

~ 

- . ~~~~~~~~~~~~~~~ _____________
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- 2 2
From the equations, Fmnson deduces that U

D 
decays as (u - v ) .  For

this 1~ st quanti ty, Finson uses a transport equation:

U ~!—(u~ - v2) = I _(rv
T

acu
a

_ ‘i)) — c
p
kV2~~~ - = 0 (1.24)

From this equation, Finson deduces that:

2 ~~ -18/11
u -v  ~~x (1.25)

Notice , however , tha t this value of the exponent is too sensitive to C~ ,

a quantity far from well established~

Both Naudascher ’s argument that 11D decays as and Finson’s that UD

decays as u2 - v2 are wrong if the self-similar solution for in

equa tion :
atJ D l~~~ —U0 
-
~~~~
- = - — .~—(ruv) (1.26)

can be shown to decay mor e slowl y than (u2 - v 2) (or u 2).  In that case ,

if one considers the momentum integral equations for the wake of a self-

propelled body:

U0 ~
°‘lJ~rdr + C(u

2 
+ — 

W
)rdr = 0 (1. 27)

the second term decays faster than the f irst  term , and the wake becomes

momentumless.

Furthermore , in Naudascher ’s results , it is shown that (u2 - v 2)max is

equal to 
~

O3IJOUD t and it is rather d i f f i cu l t  to understand how a quant i ty

like u2 — V 2 would drive a quantity 30 t imes larger than itself.

The rather arbitrary equation for the decay of UD is the reason why

Finson ’s veloci ty  defect profi le  shows the slight positive overshoot at

hi ghvalues of r~. This overshoot has not been observed in real momentumless

wakes. (Of course , one should state that the experimental error in the

measurement of axial velocity is rather high for high values of n.)

— . 
. .. —- - . -  •. ;.~. _ .  - - - - ...‘ 

. - 
~~

-- t :.. .. -
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UD

Veloc ity def ect profile pr edicted by Finson .

At this stage , one can give a theoretical j ustifica tion why prod uction

can be expected to decay to zero fa ster than the other terms in the

turbulent energy balance. For, if the opposite were true , then all

velocity scales would be proportional to each other (as is the case for

drag wakes , for examp le) .

~ ~~ max 
(1.28) ¶

The se l f -s imilar  solution would then be the one predicted by Tennekes

and Luznley (1973)

~~ 
~~~~~~~~~~~~~ k “.. x

8
~~ (1.29)

Now, Finson’s anal ysis and Naudascher results indicate that :

~ ~-l6/ l l  (1.30)

~~~~~~~ _. :: ~~~~~~ TT1i1 z:1~1:1i::I,
- - •.:L-::1: :1 1 j
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Thus , one is lead to the absurd conclusion tha t turbulence behind a

self-propelled body would decay faster than a turbulent energy wake

without production . Therefore the assumption that production is of the

same order as the other terms in the energy balance is unacceptable.

Another analysis of the momentumless wake was given by Lin ~ Pao

(1974). However, in this analysis the wake behind a propeller driven

body is exam ined , in which conservation of angular momentum leads to

the fol low ing integral equation:

= Const. (1.31)

W being the swirl velocity.

Though production by the axial velocity gradient is neglig ible in

this wake, it is not at all obvious that production by the gradient of

the swirl velocity is neg lig ible.  Assuming that the swirl ve loc i ty  and

the turbulent fluctuating velocity are proportional to each other, Lin E,

Pao conclude that :

‘~ x~~
’4 W “ K1’~

2 
x 3

~
’
~
4 

(1.32) 1
Notice that these values are very close to the ones predicted by

Finson, who assumed that production is negligible. Al so notice that

Lin G Pao themselves , after deducing that W ~~‘ K
1”2, neglect production

when they calculate the turbulent energy profile.

For the axial velocity , Lin and Pao assume that U
2 and P/p can be

neg lected in the momentum equation , and use an eddy viscosity model to

calcula te the veloc ity prof i le :

1 ~ ?U d,
~~~~~~~~~~~~~~~~~ 

(1.33)

By assuming that V
T ~ S constant in the cross-section, they conclude

that:

~~TT ~~~ _ _  _ _ _ _ _ _ _ _ _ _ _
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UD 
‘~. x~

’ (1.34)

Since all models outlined in this section have some minor or major

flaws, it is propo sed in this work to stud y the wake behind a self-

propelled body using three different turbulence models.

2. The Models Us ed

The self-similar momentumless low velocity defect wake has been

calculated using the following models.

a. A k-c model , in which a gradient diffusion model is used for

uv , whereas k and c are described by the following equations.

Dk 9 l k 2 ak — 31.1 (2. 1)

(2 .2 )

— 1 k2 31.1
(2.3)

b. The simple model of Launder , Reece and Rodi (1975) (Model LI) with

a modified value for the diffusion constant in the £ equation . This constant

was modified so that k2/c tend s to a constant value as y -
~ ~~~. Without this

change , the eddy viscosity could tend to zero, and thi.~ is highly undersirable.

2 2 2 —

Du 3 l v k 3 u  — 91.1 3 c  2 c (2.4)

2 2 2 —

Dv 9 l v k 9 v  — 91.1 3 c  2 c
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

+~~~~ (2.5)

Dw2 3 1 v
2
k 3~,2 — 3U 3 c c- - = ~~;[ --~--- -~7]- .4uv~~— -~~~~-W +~~~ - (2.6)

Duv 3 1 v k 3uv 2 91.1 3 uv
.4v ~j

-
~~- c - j~- (2.7)

~~~~ :TT:t~~~.~
_:

~I ~~~~~~~
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D~~~~~a [1 v 2k 9 c ~] - 1.44~~~~~~~~- l.9~ - (2.8)

c. The more sophisticated model of Launder, Reece and Rodi (LII) ,

in which the rapid pressure redistribution terms and the three-point-

correlation are given invariant forms:

- ~
6 i~~~~~ -~~~~~u

2 +~~ (2.9)

(2.10)

.2 — 2 —

Dw 9 k 2 9w 6.4 — 3U 3 c 2 e
..jjj_=.~.—E.ll---(v —s-)] - - — uv~~~~-~~~-~-- W  +~~~~ (2.11)

D~Ii~T 9 k 
_•

~~~ 3~i~ 
— 3v 2 (2..6v

2 
+ 2k - 1.2u 2) 31J 3 £ —

-

~~~~

- = .~— [.1l—(2v -
~~~~

- + uv 
~~~

_) ]  - 11 
- -

~~~ 
~~

- uv (2.12)

- 1.44 iv~~~~- l.9~~ - (2.13)

(Again , the diffusion coeffic ient in the e equa tion has been cha nged
2v k

so that —i--- -~ c as y ~~-

Ini tial ly,  the self-similar solutions for plane wakes were investigated ,

using the three models. The following parameters, as computed by the three

models , are compared with Townsend ’ s data:

a-
. 

~~~~~~~~~~~~~~~~~~ I. - .~~  
..
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k—c LI LII Townsend

Uvm a x  
- . 047 — .03 9 — . 035 - .061

UD
k

.11 .11 . 084 .105
U
k
max .13 .12 .104 .12

2
U
.4 

- 1.6 1.3 .67
V0

K L .23 .21 .19 . 25
xO

1
~
’2

Here , UD is the maximum velocity defect , wher eas u~ /v2 is the ratio of

the longitudinal to cross-stream velocity fluctuations at the centerline.

Notice that none of the models predicts a good value for u~/v2, since al l

of them indicate that u
2 

> v~ at the centerl ine . It is seen that all models

underestimate and the rate of spread K, but in this respect

(which is, to the author!s opinion , the most important) the gradient model

F is bett er than LI, which is better than its more sophist icated counterpart

LI I .

3. Gradient Model

The equations for the low defect momentuinless plane wake are:

9k 3 l k 2 9kU0 ~~~~ 
= 

~
— [

~~~
—

~~~~~
J - £ (3.1)

~~~~~~~~~~~~~~~~~~~~~~~~~ (3.2)

31J 2 9 U

o i 5 ~~~~T~~~~~

,. . ~._. 
. :~ . - . — 

. . _ - .

_ _-

~~~~~~~~~~~~~

-

~~~~~~

~-
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In both the k and the c equation production has been neglected , and

this neg lect will have to be justified a posteriori.

Now, one seeks self-similar solutions of the type:

k = Xh(ri) c = Ee(n) Ud = U
Df(n) ~ =

where L is a characteristic length.

Since (3.1) and (3.2) are independent of (3.3), they will  be deal t

with separately (i.e., Li
d is for most intents and purposes a passive

contaminant.)

u dK 
h ~~o dL . dh 

— 
K
3 

d 1 h2 dh 4
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(3. )

dE Eli dL de K2 d 1 h2 de e2 £
2

U ~~— e - = 

~~~~~~~~ 
- L 9..cT (3.5)

For a self-similar solution to be obtained , the following should be

constants:

UO d K  K Uo d L  IC~ 
mo d E

~~~ ‘~~ ~~ E~L
2 and

sett ing:
U -- od }~ (.6)

2 2E L

K U
O dL _

— — — — = y  (38)E L d y .

-- -
~

-
~
-
~~

; =  8 (3.9)

and noting tha t, from Eq. 3.7:

3 d1(
2 X d E  2 K 1 d L

~~

. -

a.

— — . . - ,. aS. ., —- C’ . - . ~~~ — —

__________ _ _ _ _ _ _ _ _  _ _ _ _ _  —-- -- ---.- ---—-- - - -- ------ . - --— -_- -.-
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giving:

—3u = —28 + 2y (3.10)

one obtains the following equations:

d

~~~~~~~~~~ 
+~~~~~ .!1i - e + ah = 0 (3.11)

+ 
~~~~ 

~~!. - 1.9 . + 8e = 0 (3.12)

Equations (3.10), (3.11) and (3.12) form an eigenvalue problem.

(Together with the boundary conditions):

e = 1  , h = l  at~~~= 0
(3.13)

e~~~0 , h ÷ 0  atn~~~~

Because this problem is non—linear , one has to guess an initial eddy’

viscosity distribution to solve equation (3.11) and (3.12) by standard

ci genvalue method s, then compute, from h and e, the new eddy viscos ity

distribu tion , and repeat the process till convergence is obtained.

The values of a, B, and y are :

ci = 1.15 8 = 2.01 y = .292 (3.14)

Notice that if one looks for power law solution of the type , L~x

E~x , where n~ = nk - 1, the values of a, B and y give the following

values for the power law exponents.

= —1.33 
~
‘L (3.15)

F Thrning now to the momentum equa tion , it is easy to see that it has

the fol lowing form :

~0
1( dUD U0K dL df d h2 df

E ~~~~ 
- -

~~~~

- ~~~~~ ~~~~~~~ ~~~] (3.16)

Defining
U dliK o  D

6=  -
~~~ j—

-
~~
- (3.17)

D

t . -.
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one obtains

+ yr~ + 6f = 0 (3.18)

The above equation, subject to the boundary conditions:

~~~= O a t n = 0  f -’-0at~~~-’~~ (3.19)

and the constraint:

!~fdn = 0 (3.20)
0

Form an eigenvalue problem. This problem has many solutions, but one

is interested onl y in the lowest eigenvalue which satisfies Eq. (3.20).

This is the second lowe st eigenvalue, the first lowest eigenvalue being

obviously 6 = y. Although, strictly speaking, higher eigenvalues are

momentumnless wakes, the solutions present no physical interest , since they

decay at a rate faster than the one of (u
2 

- v2), which in this case cannot

be neg lected in the momentum equation.

Notice that if h2/e were constant, 6 would be equal to 3y. Since h2/e

tends to a value which is somehow less than half its value at the center-

line , one actually obtains 6 = 3.5Y, giving :

~ ~~— L 1 5  
(3 .21 )

Notice that examination of Eqs. (3.21) and (3.15) shows that indeed

production decays faster than dissipation, and confirms that Eqs. (3.1)

and (3.2) are relevant for this problem.

The turbulent energy and velocity distribution for the k-c model

are shown in Fi g. 1 and 2 respectively

4. The LI Model

The equations for k and c are the same as the ones relevant to the k-c

model , because the turbulent energy becomes asymptotically isotropic.

- .- - S

— . .
~ 
a— . . — .... ..—. —. — - 

~~- ~~~~~~~~~~~~~~~~~~~~~~~ ~~~—~~~~~~~ - .-— - -. — -~~~~~~ 
- -_ .  -- . .
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One therefore has to cQnsider only .the .~~ and Ud equations.

Letting

= Tg(ri) , U~ = U
0
f0m)

one obtains, by substituting in Eqs. 2.7 and the momentum equation:

LU0 dU
D ~o~D dL df

~~r 
- T dx ‘~ = - d 

(4.1)

Uj( dT 
KU0 dL d 1 h2 dg K U D 4l~ , 3 e

- 

~~~~~~~~~~~~~~~ 
~g’ = - TEL 15 ~ - 

~~~ 
(4.2)

If the solution is to be self-similar, the follow ing express ions

should be independent of x:

LU
0 

dUD UOUD d L  IJ0K dT ~~o dL K2UD 4 3
T dx ‘ T dx ‘TE dx ‘ EL dx ‘ TEL C

Remember ing tha t one has alread y chosen L so that:

K~ /E2L2 1

this amounts to:

T/UD
K
l
~
2 

= Const. (4.4)

Actually , wi thout loss of general ity one can chose T so that

T = U
D
K (4.5)

U K d U
Letting 

~~D 
—~~~~~~ E 6, and using the relation:

1 dT 1 dU D 1 dK
r ~~

— = ir a— + (4. 6)

one obtains the following set of equa tions:

-.6f — yr~ = _~ g~ (4.7)
d~ dn

2 .  -
. a , d l h d g 4 df . e

-(6+ ~~-)g - yng =~~
—[.
~ -~-jç--] ~~~~~~~~~ (4.8)

(‘ denotes differentiation with respect to n)

~ 

~_1_
_ _  -—-~~ 

- 
t
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Again, this is an eigenvalue problem , to be solved subject to the

constraint Cfdri = 0. It can be solved by standard methods; one should

be careful , however, to use one matrix for both equations (3.7) and (3.8),

rather than solve them separately.

The solution is pictured in figure 3. The value of 6 = 3.3y is

nearly the same as in the solution for the gradient model . The velocity

• profile, however , has a kink in the middle and is too peaky in the outer

side. Al though there are no actual data for flat mnomentumless wakes,

existing data for round wakes suggest a much hig her ra tio between the

too peaks , and do not exhibi t the kink in the m iddle.

- 
- 5. LII Model

The behaviour of the Reynold s stress equation predicted by this model

is remarkably different from the one predicted by the other models.

Starting, again , from the assumption that production decays faster

than dissipation , one obtains the following equations for the components

of turbulent energy, and for c :

2 2 2 2
Du 9 v k 3 u  3 U c

(5.1)

(5.2)

= 9 v k  3k
1 - l 9~— (5.3)

(Notice that w
2 

= in the asymptotic self-similar state.)

Unlike the previous models , this one predic ts no return to isotropy,

because of the different values of the diffusion coefficients in Eqs. 5.1

* and 5.2.

4

- - . • -a . ~~~~~~~• _ . • ._.  . • . 
. - - , 

,
. . -. - -~- — .  

,,- . 
•

• ~~L~L- . ~~~~~~~~ ~~~ ._ ..___. -. —---- .- ----• - L~~~~~~..
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Letting: u
2 

= K$(n) and Kx(n), one obtains the following

equations for the self-similar momentumless wake:

~~— [.33~~ ~
-
~-) - -

~~
- 

~~~ 
+ + yTix ’ + ax = 0 (5.4)

— 
~~~~~~~ 

$ + + yT~~’ + a4 = 0 (3.5)

~ _ [.l6SX!i ~ - - ]  - l.9~ - + Be + m e ’ = 0 (5.6)

The solution of this system is shown in Figure 4 where the profiles

of x~ • and h ar e dep icted. The val ues of y and a are:

y .27 ci +1.275 (5.7)

giving

l(~~ Cx - x )~~~
4 L~~(x 

- ).3 (5.8)

Proceeding to find equations for the self-similar mean velocity

prof ile and Reynolds stress prof i le , one obtains:

—g ’ + y~f’ + 6f = 0 (5.9)

+ gx’)] - (2.6x + 2h - l . 2~)f~ — ~~~ ~g + yng ’ + (6 + ~.)gr 0(S.10)

The predicted value of 6 is .92, which is consistent with a value of

n~ equal to -1 .02 . This val ue is too low , since is more or less equal

to 
~k’ 

the low value comes as a result of the ~~~~~~ term in the ~~~~~ equation;

without it , 
% 

-

6. Self-Similar Solutions of Axisymmetric Monientumless  Wakes

6.] k— c model

The equations for k, c and are:
‘4.-

9k 1 9  1k 2
9kU

0 
~~~

- = — .
~—jr~ — 

~~—I - £ (6.1)

4

— . • •_ ___ _.-
~~ 
..

~.•_  ... ~•=,•~ ~ ~~~. ..•~ • .. ~~ t 
. .

.- .- 
t 
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(6.2)

2 911
u ~~d_ _ i_ 9 r~~~~L. 

d1 (6 3)
0 9x r 3r L6 c

Again, seeking self-similar solutions of the type:

k = Kh(ti) c = Ee(ri) Ud = UDf(n) r~ = (6.4)

and letting

2 2 = 1 (6.5)
E L

one obtain s, for the first two equations, the following forms :

U0~~~ 9dL ~d h l  d ~~h
2 dh 6 6E d x  EL~~~~~~a~~

_
n d n [o e d n

] _ e  ( . )

U K  KU 2 2a dE o dE de _ 1 d h do e 6 7
E

2 dx 
E
2 dx 1 d~ ri dn~12 e d r~

1 - l.9—~- ( . )

Again, this pair of equations can be solved (subject, of course , to the

boundary con d i t ions (3.13) and the relation 3.10), and the following value

of the integral parameters are found:

U Ii
= -1.2 -

~~~
. .

~~ ~~~~~
- = •. 222 (6.8)

which are consistent with the following power law coefficients:

• 
~k 

= —1.46 
~L 

= .27 (6.9)

The h profil e is shown in Fi gure 6.

The equation relevant to the velocity defect is:

U K d U  U K  2D o d L  i d h d f
-
~~~~
- - -~y~~jnf’ =~~~~~(n~~~~-~

) (6.10)

subject to the condition jfndn = 0 (6.11)

The solution of this eigcnvalue problem gives: 

• S
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U1 (dU
-1.04 (6.12)

which is consistent with the following form of power law behaviour :

= —1.27 (6.13)

The veloc ity defect and shear stress distribution are shown in Figure 7.

6.2 LI Model

Again , as in the case of plane geometry, the equation for k and c are

the same as for the k-c model : the ii~7 equat ion , however , is:

9~i~ 1 3 k2 9~i~ k2 ii~~ 4k 3Ud 3 c— (6.14)

with the following form of the momentum equation :

911
U — = - ~— --~— (rii~7) (6.15)0 3x r3 r

Seeking self-similar  solutions of the type:

lid = ii~7 = K~
’2U0g(n) r = Lii (6.16)

one obtains

U K d U  U K
d

- 

~~ a~
-nf’ = g ’ (6.17)

[_~
__

~~+L.24}g 
~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (6.18)

The solution of the above eigenvalue problem g ives:

U K d U

~~~~~~~~~~~~~ %
.l.17 (6.19)

The f and g profiles are shown in Figure 8. Notice that this solution

suffers from the same defects as the one of the plane inomentumless wake:

- - 

_
.-I:~~:~. ~~~~~~~~~~~~~~~~~~~~ .~zt ;~~ :~ ~~~~~ .. - 

. 
‘.
.. tn: .
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the kink in the middle, the low peak to peak ratio, and the rather slow

rate of decay

6.3 LIII Model

The equations of axisymznetric flow consistent with this model are:

- ~~~~~~~~~ (6. 20)

(6.21)

1 9 k— 3w
2 k ~~~3W 

_(~~~_ w 2)
U — = ——[.llr-— vv —1 + .11—12-— — + 4ww
o a x  r3r c 3r c r 3r 2

r

• 2 9  k~~~— — 3c—  c
+ — 1-[.ll-—--(vv - ww)} - 

~~~ 
ww + (6.22)

~~~~~~~~~~~~~~~~~~~~~~~~ 
- l.9~~~— (6.23)

~~o 9x r 9r c 3r 3r c r 3r 2
r

(2.6v
2 

+ 2k - 1.2u 2
) 

911d 3 c
— 11 - — - ~~-~~~uv (6.24)

911 1
U~~-~-~~~ -~~~~~[-~i~r} (6.25)

(For the algebraic de tails of the deriva tion , see Appendix) . S

Again , there is no tendency to isotropy, as u2 v2 and w2 tend to

different values as the self-similar solution is approached .

Seeking self-similar solutions of the type:

k = Kh (~) U
2 

= K$(~ ) v2 K~ (n) ‘~ ~~~~~~~~~~ 11d UDf(mi)

uv = i~ U0g(n)

- •.~..a. . .. .  . - .. .— -~~ •~~ - C’ . s . ~- ~~‘. ~~ ‘ ~~~ - 
‘ . 

5- 
S
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one obtains the following equation for 4 , x and ~

!
~~— [.1lr~~- - J  ~~~~~~ -~~ i4’ -~~~~~• 

+~~~~~~
-

~~~~~
-
~~~~~~~ + = 0 (6.26)

+ 
~~~~~~~~~~~~~~~~~~ nx ’ - .li~~[.~~p’ + ~~~~~~~~~ - 

~~ x+ ~~~~~ ~~x = 0 (6.27)

!. 
~~~
-[ .1 l.~.(n4~- + I ~ - i + 

2 
+ 

U K  di. 
- 
3 e

= 0 (6.28)

~
- 

~~~
—[ . 165 rib- 

~~~~] 
+ ~~

-
~~

- r~e’ - 1 . 9~
_ 

+ ~~
-
~~
- e = 0 (6. 29)

The solut ion of the above equat ions gives:

= .225 ~~~~~~~~ = 1.48 (6.30)

and

= -1.53 
~ L 

= .233 (6.31)

The h , 4, x and 4’ profiles are sho wn in Figure 9.

Naudascher seems to suggest that in the asymptotic state u
2 

= v 2 
= w2 .

However , the computed difference of the values of these quantities at the

centerline is of the same order of magnitude as the error in Naudascher ’s

resu l ts, and it is not poss ible to disqua l i f y  this model by v irtue of

this part of the Naudascher data .

Naudasch er shows d istr ibut ion of u2, but not v2 and w2. On the other

hand , he also shows the distribution of P. which , in the boundary layer

approximat ion is related to v
2 and w2 by the fol low ing equation (see

Townsend).

+ + dr = Const. (6.32)

- - — . 
— 

5 - 
— 

..• .. ;.. - - . S - - 
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.- 
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p does not seem to tend to its freestream value slower than u
2 in

Naudascher ’s paper. As however, P was m easured by pressur e probes and

by hot wire anemometers , it is not sure that these quantities are

comparable , and it is thought premature to disqualify this model by virtue

of this aspect (i.e. non tendency to isotropy).

The momentum and uv equa tion are:
U K d U  U .. 

S

+ g~~ )] + .1li![&~~—~(X - i
~~
) + 

~xg ’ - - (.~~~
__

~~_P. +

}~ dL (2.6x + 2h - 1.24) 3 e
+ -~~- ‘~-~

.n
~ ’ - 11 f’ - -

~~-j~ 
g = 0 (6.33)

U K d U  U K
— ~

_- ..a_P. f + 
~~~~~~~~~~~~~ n f ’  - ~!- .~~ -.(gT)) = 0 (6. 34)

whose solution is:

IJ .KdUo D— — = — .87 , n = — .9 (6.35)
U
D

E dx u

The f and g distributions are shown in Figure 10. J

Again , the value of flu is too low , and this is completely contradicted

by Naudascher ’s results , in wh ich n~ -1.5. Again, thi s is a result

- . .  -of the uv—~~- term in the uv equation; without this term, the results of

the model would be much better , but obviously consistency wil l  be lost.

7. Comparison with Experimental Results

S 7.1 Integral Parameters

It .‘s f irst  necessary to convert the integral parameters to Naudascher ’s

notation. This author uses as length scale r112, i.e. the value of axial

coordinate at which k = .2 5K. From Fi gure 6 it is seen that r1,12 = 1.7L. 
S

As a turbulent scale, he uses u ’ = /2k/3 .

_ IT  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Thus:

U
0 
dr
1,2 

- 
1.7 1 dL - 2 08 EL K dL 

— 2 O8—~--- dL (~ 1)
~~ dx - 

~~ K
1’
~ ~~ 

- 

~3/ 2 EL dx - EL dx

1 dr
112 

U K  dL
r112 

~~~~ - _ _ _ _ _ _  (7 2
1 dU U K d U
— D

dx EIJD ~~~~

1 dr
1,,~ 

U K  dLTl/2 dx~~~~~ t dx  (7.3)

du ’ odK

u~
2 dx E d x

U U  dr 11 1.711o D_ 1/2 - 
o D dL - 8 K dL 7 4

j1T~T dx - I [2~ dx 
- - 

i~i~ dxmax .2UD
K

Tabl e I

Parameter 7.1 7.2 7.3 7.4

Calculated . k-c model .458 -.212 — .183 1.87

Naud ascher , ~~
- = 5 .48 -.36 — .36 3

7 .51 — .26 — .26 2.4

10 .54 — .2 — .2 1 .8

15 .4 — .14 — .14 1.14

20 .41 — .12 — .12 1.09

25 .47 — .12 — .12 1.02

In Tabl e I , the values of the parameters listed were ca l cu l a t ed  by

Naudaschcr. The values of the parameters calculated by the LI and LII

“
S. aren ’t listed , because these models do not compare as well with the data

as the k-c model.

_ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~~~~ _ • .
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It is seen from Table I , parameter (7.1), that the predicted rate of

increase of the length scale is in excellent agreement with the data.

Although the computed value of parameter 7.3 is not in very good

agreement with the values computed by Naudascher, it can be seen from

Figure 11 that the slope of the power law, 
~k 

= -1.53, compares well

with our predicted value of the slope, Irk = -1.46. In Figure h a , it

is seen that the power law slope is nk = l.S. This shows that the results

of Lin ~ Pao and Gran are also in good agr eement wi th our model.

Our prediction of parameter 7.4 is also not in very good agreement

with Naudascher ’s results; however, 
~~max 

is involved in this parameter.

The absol ute error in this quantity is of the same order of magni tude

as the error in the values of u
2 and v2, which are many times larger than

uv. From Table I in Naudascher , one can estimate thc error in v2 by

setting it equal to Vrnax 
- W

ifiax (which , for circular geometry, should

be zero). It is seen that the accuracy of i~7 is + 100%, and thereforemax —

even the order of magn itude agreemen t, shown in Table I, is sat if actory.

The most unsatisfactory feature of this model seems to be the poor

agreement of parameter (7.2) with the value predicted by Naudascher .

Naudascher suggests that u 2 decays as 11D’ whereas the k-c model suggests

exhibits a slightly slower rate of decay. Apparently, this is what

lead Finson to postulate that liD decays as u - v

On the other hand , the data of Lin ~ Pao (Figure h a )  show that

decays actually less fast than u2, and predicts a slope of —1, instead

of -1.27 (as the k-c model suggests). Notice, however, that the spread

in their data is ra ther too big to discriminate between these two values.

F i n a l l y ,  it is to be noted that  (Liand e s p e c i al lyL i r )  are worse than
1’

the k-c model.

0.
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In Figures 12, 12a , 13 and l3a , the turbulen t energy and veloci ty

distr ibution as predicted by the k-c model , are compared with the data

of Naudascher , Lin ~ Pao and Gram . Fair agreement is shown.

In conc lusion , one must state that it is rather unfortunate that all

higher-order models, in spite of their complexity, show a poorer

performance in comparison to the simple k-c gradient model. It is thought

that thi s model might be improved by slightly modif ying the diff usion

constants.

0.
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APPENDIX

Reynolds Stress D i f f u s io n  According to LII  Model
ij  k

The purpose of this append ix is to calculate the components of A~k

where:
i jk i m j k j m ~~~~~k k m i jA T(U U u u ,m + u u  u u ,,~~+ u u  u u ,m) (A.l)

in axisymmetric cylindrical geometry without swirl.

Note that the only non-vanishing components of the Christofel sym bo l

in cyl indrical coordinates are:

r 0 0 1
S r00 = —r = =

A
Z
~~ — 

3A zzr 
+ rk A zzm 

— 
aA ZZ

~ 
+ 

A
ZZO

- 
3r mk - 

9r r

zzr r r  z z  z r  z rA = r (u u U U J r + 2 U U u u , )

S z z 3u~U~ z r 9 z r
u u , = u u  =r 9r ‘r

~~~~ = ~~~~[ri~u
rur !;~~

Z 
+ 2 z r  (A.2)

rrr
rrk 9A r mrk k rrm

= 
9r 

+ 2P
k
A + rmkA

rrr rrr
= 9r 

+ 
A 

r - 2rA OrO

rrr r r  r r ~~~~~~~~~~ ~~~~~A = 3-ru u U u , = 3-r (u u )r

- 
OrO 0 0  r O  r r ~~~~oA = T(2u u u u ,0 + u u  u u , )

S 

= ~[u
0
u0(r~0u

0
u
0 

+ r e
0uTur ) + u~

’u~~~~~r + 2r 0 u 0u 0 ))

0.

— —— 
~~~ . 
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— -— —
-

~~~ww ww vv vv 9w
= 2r [— ~~{ -r—-~- + —~ 

+ 2r r r

w w —  — vv 9ww
= 2T—.~-(vv - ww) + t —~~ 

-
~~

-—

(Use has been made of the relat ion ~~ = r
2
u0u~)

rrk 1 9 —9vv vv 9 ww ww 2 2
SA ,k = ~~ ~~~~~~~~~~~ 

- 2r -j -. -~~~~
- - 4r—~ (v - w ) (A.3)

00k 3A
OOr k OOm 0 mOkA = + r  A + 2r Amk mk

= 
9A

OOr 
+ r0 A80” + 4r0 A00’~rO Or

______ 
0 OOr 1 9 5 OUr

= ar + = —s- -~-~[r A
r

. 

OOr 0 0  O r  r r  0 0A = T(2u u u u , O + u u  u u ,r)

= t[2u
0
u
0
(r
0
0
u”u” + r~0U

0
~~) + U”U”(

9
~~: 

+ 2r°
e
u°u°)]

= T[2�~~(V
2 

- w2) +

00k 1 9 3— ai ~ 2 —

It
~k 

= —~-~--[tr vv —
~~--_ + 2r -r ww(v - w )]

1 1 9  2 9w 2v -r 9w 4Tw (v - w )  2 9  2 2
= .~~-[.~~~.-(rrv —h—) ~~~

— 
2 

_+
j~~ -~.{Tw (v -w )] (A.4 )

r r

zrr
,zrk 

- 
9A ,,r , znik r k £ zrln

— 

9r 
+ ‘ink’~ 

+l
J5n kI t

zrr
= 

9A 
+ r~ A

ZOO 
+ r0 A

zrr
9r 00

. 5 5 5 - 5 - - 
. . 5 _’ _

— 5— - S 5 S_  S~ 
S
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S A
zr
~
’ 

= ~2
r
~
r tlU , + 2uZuT ~~~~~~

= T(2U
r
U
1 ~~~~ + uZu~

’ 3u~u~
)

zOO Z r  0 0  0 0  z O
A = T(u U U U

~r 
+ 2u u u u ,

0
)

t —9w
2 2 u v

= —~ (uv -i--— + 2w —)

(A.5)

S 

= .~-[t(2v~~~~~~+ ~~~~~
-
~~~
—.)] + T~~~~

9(V
~~~ ~~~~) + ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~

‘ 

(A. 6)



r - _ 5 S.5 5

—30— 26 May 1977
SH : j ep

REFERENCES

1. Finson , M. (1975) Similar i ty  behaviour of momentumless turbulent wakes.
J. Fluid Mechanics , Vol. 71, pp. 465-479.

2. Gran, R. L. (1973) An experiment on the wake of a slender propeller driven
body. TRW Report 20086-6006-RU-00, TRW System Group. Ci ted in Lin ~ Pao
(1974).

3. Launder, B. E., Reece, C. J. and W. Rodi (1975) Progress in the development
of a Reynolds stress turbulent closure. J. Fluid Mechanics, Vol . 68,
pp. 537-566.

4. Lin , J. T. and Y.  H. Pao (1974) . The turbulent wake of a propeller driven
body in a non-stratified medium . Flow Research Report No. 14.

5. Naudascher E. (1965) Flow in the wake of self-propelled bodies and related
sources of turbulence. J. Fluid Mechanics ,  Vol . 22 , pp. 625-656.

6. Tennekes, H. and J. L. Lumley (1972) A First Course in Turbul ence, The
MIT Press.

7. Townsend, A. A. (1976) The Structure of Turbulent Shear Flow, Cambridge
University Press.

0.

:5.1 ‘TI ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t: .::i’ i .  
-



r 
- S -~~~ - -

— 3 1— 26 May 1977
SH:jep

LIST OF SYM BOLS

CD Drag coefficient of body

e Non-d imensionalized turbulent energy dissipa t ion (= 
~~
.)

E Value of turbulent energy dissipation at the centerline

f Non-dimensionahized velocity defect (= Ud/UD)
— 1/2

g Non-d imensional ized Reynolds stress (= uv/U0K )

h Non-d imensionalized turbulent energy (= k/K)

K Value of turbulen t energy at centerline

L Characteristic length scale of wake

Macroscale of turbulence

P Pressure

P~, Pressure at the free stream

P . Pressure at the centerlinemm

p Non-dimensionahized pressure 0
~”~min~

r Radi al Coordina te

r112 
Value of radial coordiante where k = K/4

11
0 

Free stream veloc ity

Veloci ty defect

Veloc ity defec t at centerline

u,v ,w Fluctuating components of velocity

Swirl velocity

x,y,z Cartesian coordinate

e Turbulent energy dissipat ion rate

0 Momentum thickness

S A Charac teristic leng th scale of larg e eddies

A Microscale of turbulence

0.
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v Kinematic viscosity

V
T 

Eddy diffusivity

p Density

• = u ~/K
2

x = v / K

li, = w 2fK

,.1
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